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Abstract: This study of U(1) gauge field theory on the kappa-deformed Minkowski spacetime extends
previous work on gauge field theories on this type of noncommutative spacetime. We discuss in detail
the properties of the Seiberg-Witten map and the resulting effective action for U(1) gauge theory with
fermionic matter expanded in ordinary fields. We construct the conserved gauge current, fix part of the
ambiguities in the Seiberg-Witten map and obtain an effective U(1) action invariant under the action
of the undeformed Poincare´ group.
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1. Introduction
In previous papers [1, 2] (gauge) field theories on the κ-Minkowski spacetime were constructed. All
techniques necessary for such a construction were thoroughly discussed there. In this paper we concen-
trate on the U(1) gauge field theory on the κ-Minkowski spacetime. In the first order of expansion in a
deformation parameter, we construct an effective U(1) gauge field theory, represented on commutative
spacetime, using the ⋆-product formulation and the Seiberg-Witten map. We also construct a conserved
gauge current. The appearance of the additional conserved current forces us to analyse ambiguities in
the Seiberg-Witten map. A specific choice of the Seiberg-Witten map provides an effective U(1) action
invariant under the action of the undeformed Poincare´ group.
The paper is organized as follows: In the second section we briefly review some of the properties of
the κ-Minkowski spacetime. In the third section the Seiberg-Witten map for gauge fields is constructed
and using this result the field strength tensor is calculated. In the fourth section we construct the action
for U(1) gauge theory with fermionic matter and analyse the effective action obtained by expansion
in the deformation parameter. Finally, in the fifth section we construct the conserved gauge current,
discuss ambiguities of the Seiberg-Witten map and construct an action invariant under the action of
the undeformed Poincare´ group.
2. κ-Minkowski spacetime
Algebraically, the n + 1-dimensional κ-Minkowski spacetime can be introduced [1, 2] as a factor space
of the algebra freely generated by coordinates xˆµ divided by the ideal generated by the following
commutation relations:
[xˆµ, xˆν ] = iCµνρ xˆ
ρ, (2.1)
where
Cµνρ = a(δ
µ
nδ
ν
ρ − δ
ν
nδ
µ
ρ ), µ = 0, . . . , n, (2.2)
and the (formal) metric of the κ-Minkowski spacetime is ηµν = diag(1,−1, . . . ,−1). A constant de-
formation vector aµ of length a points to the n-th spacelike direction, an = a, and is related to the
frequently used parameter κ as a = 1/κ. Latin indices denote undeformed dimensions, n is the deformed
dimension and the Greek indices refer to all n+ 1 dimensions.
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There exists an isomorphism between this abstract algebra and the algebra of functions of com-
muting variables equipped with a ⋆-product [3]. Our goal is to construct an effective field theory on
the ordinary spacetime. Therefore we work in the ⋆-product formalism. The symmetric ⋆-product for
the κ-Minkowski spacetime1, up to first order in the deformation parameter, is given by
f(x) ⋆ g(x) = f(x)g(x) +
i
2
Cµνλ x
λ∂µf(x)∂νg(x)
= f(x)g(x) +
ia
2
xj(∂nf(x)∂jg(x)− ∂jf(x)∂ng(x)) . (2.3)
From (2.3) we have
[xn ⋆, xj ] = xn ⋆ xj − xj ⋆ xn = iaxj , [xi ⋆, xj] = 0; i, j = 0, 1, . . . , n− 1. (2.4)
In order to construct derivatives on this space, we impose several formal conditions that these
derivatives should fulfil. The two most critical requirements are first, that the derivatives should be
consistent with the commutation relations (2.4) [5], and second, that they should be antihermitean under
the integral which we later introduce to define the effective action. The first requirement, together with
the demand that derivatives should commute among themselves, does not fix the derivatives sufficiently
[6]. If we add an additional requirement that derivatives should have a vector-like transformation law
under κ-deformed Lorentz transformations2, we obtain an almost [6] unique solution which we call Dirac
derivative
[D∗n
⋆, xj] = −iaDj∗,
[D∗n
⋆, xn] =
√
1 + a2Dµ∗D∗µ,
[D∗i
⋆, xj] = η ji
(
−iaD∗n +
√
1 + a2Dµ∗D∗µ
)
,
[D∗i
⋆, xn] = 0. (2.5)
The particular choice of derivative we use [1, 6] is convenient since in this basis the κ-Poincare algebra
remains undeformed and the deformation is in the coalgebra sector. This basis was also used in [8], where
it was called ”classical” basis. Using relations (2.5) we calculate the representation of the derivatives
D∗µ on ordinary functions,
D∗nf(x) =
(
1
a
sin(a∂n)−
cos(a∂n)− 1
ia∂2n
∂j∂
j
)
f(x),
D∗i f(x) =
e−ia∂n − 1
−ia∂n
∂if(x). (2.6)
Formulae (2.6) deliver the representation of D∗µ derivatives in terms of the usual partial derivatives ∂µ.
With this choice of derivatives the first condition is fulfilled. In order to fulfil the second one as
well, we need D˜∗µ derivatives that are antihermitean under the integral with a measure µ∫
dn+1x µ(x) f¯ ⋆ D˜∗αg = −
∫
dn+1x µ(x) D˜∗αf ⋆ g. (2.7)
This demand will become clearer in section 4. The derivatives D˜∗α are obtained by substituting
∂i −→ ∂˜i = ∂i +
∂iµ
2µ
, ∂n −→ ∂˜n = ∂n
1There is a standard ⋆-product for Lie algebras [4].
2In this paper we omit the representation of the generators of κ-Lorentz transformation because they are not essential
for the problem at hand. Note that the κ-deformed Poincare´ algebra was first introduced in Ref.[7].
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in (2.6). The representation of these improved derivatives on functions is
D˜∗nf(x) =
(
1
a
sin(a∂n)−
cos(a∂n)− 1
ia∂2n
∂˜j ∂˜
j
)
f(x),
D˜∗i f(x) =
e−ia∂n − 1
−ia∂n
∂˜if(x). (2.8)
The Leibniz rules for D˜∗µ derivatives (as well as for the D
∗
µ derivatives) are non-trivial as a consequence
of (2.5)
D˜∗n (f(x) ⋆ g(x)) = (D
∗
nf(x)) ⋆ (e
−ia∂ng(x)) + (eia∂nf(x)) ⋆ (D˜∗ng(x))
−ia
(
D∗j e
ia∂nf(x)
)
⋆ (D˜j∗g(x)),
D˜∗i (f(x) ⋆ g(x)) = (D
∗
i f(x)) ⋆ (e
−ia∂∗ng(x)) + f(x) ⋆ (D˜∗i g(x)). (2.9)
In Ref.[6] it has been shown that the fundamental object to construct geometrical theories on κ-
deformed space-times is the exterior differential d, which is nilpotent and has an undeformed Leibniz
rule. Furthermore, it has been shown that d can be decomposed as d= ξ∗µD∗µ using a set of n+1
one-forms ξ∗µ dual to the Dirac derivative. These one-forms (and all forms in the deRham complex) are
derivative valued, i.e. they have non-trivial commutation relations with coordinates, as a consequence
of demanding that there are only n+ 1 one-forms in n+ 1-dimensional κ-deformed space-time. In the
present paper, we go beyond the framework of Ref.[6] in requiring from the start the anti-hermiticity of
Dirac derivatives under an integral. The shift from ∂j to ∂˜j does not affect the conclusions of Ref.[6],
there exists a set of one-forms ξ˜∗µ dual to the shifted Dirac derivatives D˜∗µ such that the exterior
differential d= ξ˜∗µD˜∗µ is nilpotent with an undeformed Leibniz rule.
3. Gauge theories and the Seiberg-Witten map
Gauge theories on the κ-Minkowski spacetime have two new properties, as a consequence of noncom-
mutativity, see [2] for details. A gauge field is both enveloping algebra-valued and derivative-valued.
Having an enveloping algebra-valued gauge field leads to a theory with infinitely many degrees of free-
dom. The way out of this unphysical situation is provided in terms of the Seiberg-Witten map [9]. Using
this map one can express noncommutative variables (gauge parameter, fields) in terms of commutative
ones and in this way retain the same number of degrees of freedom as in the commutative case (where
the degrees of freedom are Lie algebra-valued).
Explicit solutions of the SW map for the gauge parameter and the matter field are constructed3
from the assumption that
δαψ = iΛα(x) ⋆ ψ (3.1)
and that this is a gauge transformation
(δαδβ − δβδα)ψ = δα×βψ. (3.2)
Up to first order in a, the solutions4 are [2]
Λα = α−
1
4
Cρσλ x
λ{A0ρ, ∂σα}, (3.3)
ψ = ψ0 −
1
2
Cρσλ x
λA0ρ∂σψ
0 +
i
8
Cρσλ x
λ[A0ρ, A
0
σ ]ψ
0. (3.4)
3In this section we construct solutions for the non-abelian gauge theory, although starting form the next section we use
solutions for U(1) gauge theory only.
4The Lie algebra-valued field A0µ has the usual transformation property δαA
0
µ = ∂µα − i[A
0
µ, α], and the matter field
ψ0 transforms as δαψ
0 = iαψ0.
– 3 –
In the following we concentrate on the derivative-valued gauge fields. Since we are using the modified
derivatives D˜∗µ, we have to modify the solutions of the Seiberg-Witten map for the gauge field Vµ given
in [2] as well. The covariant derivative D˜µ = D˜
∗
µ − iV˜µ is defined by its transformation law
δα
(
D˜µψ(x)
)
= iΛα(x) ⋆ D˜µψ(x). (3.5)
From (3.5), it follows that the trasformation law for the gauge field V˜µ is
δαV˜µ ⋆ ψ = D˜
∗
µ (Λα ⋆ ψ)− Λα ⋆
(
D˜∗µψ
)
+ iΛα ⋆ V˜µ ⋆ ψ − iV˜µ ⋆ (Λα ⋆ ψ) . (3.6)
Since D˜∗µ derivatives have non-trivial Leibniz rules (2.9), we have to treat the first term on the right-hand
side with much care. It is convenient to separate the n-th and the i-th components of (3.6).
First, we look at the i-th component. Using the Leibniz rule for D˜∗i (2.9), we obtain
δαV˜i ⋆ ψ = (D
∗
iΛα) ⋆
(
e−ia∂nψ
)
+ iΛα ⋆ V˜i ⋆ ψ − iV˜i ⋆ (Λα ⋆ ψ) . (3.7)
In order to solve this equation, we allow derivative-valued gauge field components V˜i as we did in [2].
Inserting the ansatz
V˜i = Vi ⋆ e
−ia∂n (3.8)
in (3.7) leads (after using e−ia∂n(f ⋆ g) = (e−ia∂nf) ⋆ e−ia∂ng and omitting e−ia∂nψ on the right-hand
side) to
δαVi = (D
∗
iΛα) + iΛα ⋆ Vi − iVi ⋆ (e
−ia∂nΛα). (3.9)
We solve this equation perturbatively, i.e., we expand the Vi field in the deformation parameter a:
Vi = V
0
i + V
1
i + . . . (3.10)
and use the solution for the gauge parameter Λα (3.3). Up to first order the solution for V˜i is
5
V˜i = A
0
i − iaA
0
i ∂n −
ia
2
∂nA
0
i −
a
4
{A0n, A
0
i }+
1
4
Cρσλ x
λ
(
{F 0ρi, A
0
σ} − {A
0
ρ, ∂σA
0
i }
)
. (3.11)
One notices that this solution is the same as in [2]. This is to be expected, because the V˜i field is only
∂n derivative-valued and ∂n is not modified.
Next, we look at the n-th component of equation (3.6). Using the Leibniz rule for D˜∗n (2.9) leads
to
δαV˜n ⋆ ψ = (D
∗
nΛα) ⋆ e
−ia∂nψ +
(
(eia∂n − 1)Λα
)
⋆ D˜∗nψ
−ia(D∗j e
ia∂nΛα) ⋆ D˜
j∗ψ + iΛα ⋆ V˜n ⋆ ψ − iV˜n ⋆ (Λα ⋆ ψ) . (3.12)
We make the following ansatz:
V˜n = Vn1 ⋆ e
−ia∂n + V2 ⋆ D˜
∗
n + V
l
n3 ⋆ D˜
∗
l (3.13)
and insert it in equation (3.12). Collecting terms proportional to ⋆e−ia∂nψ, ⋆D˜∗nψ and ⋆D˜
∗
l ψ, we obtain
transformation laws for the field components Vn1, V2 and V
l
n3, respectively:
δαVn1 = (D
∗
nΛα) + iΛα ⋆ Vn1 − iVn1 ⋆ (e
−ia∂nΛα)
−iV2 ⋆ (D
∗
nΛα)− iV
l
n3 ⋆ (D
∗
l Λα), (3.14)
δαV2 = ((e
ia∂n − 1)Λα) + iΛα ⋆ V2 − iV2 ⋆ (e
ia∂nΛα), (3.15)
δαV
l
n3 = −ia(∂
l∗Λα) + iΛα ⋆ V
l
n3 − iV
l
n3 ⋆ Λα − aV2 ⋆ (∂
l∗Λα). (3.16)
5The field strength F 0µν is the usual field strength of the undeformed theory; F
0
µν = ∂µA
0
ν − ∂νA
0
µ − i[A
0
µ, A
0
ν ].
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Up to first order in a the solutions for these equations are
Vn1 = A
0
n −
a
2
(
i∂jA
0j +A0jA
0j
)
+
1
4
Cρσλ x
λ
(
{F 0ρn, A
0
σ} − {A
0
ρ, ∂σA
0
n}
)
,
V2 = iaA
0
n,
V jn3 = −iaA
0j ,
and
V˜n = A
0
n − iaA
0j ∂˜j −
ia
2
∂jA
0j −
a
2
A0jA
0j
+
1
4
Cρσλ x
λ
(
{F 0ρn, A
0
σ} − {A
0
ρ, ∂σA
0
n}
)
. (3.17)
Comparing this solution with the solution for Vn in [2], we see that the only difference is the term
−iaA0j ∂˜j as a consequence of modifying the derivatives.
As the next step we construct the field-strength tensor. It is defined as
Fµν = i[D˜µ ⋆, D˜ν ]. (3.18)
Applying this to the field ψ gives
Fij =
(
(D∗i Vj)− (D
∗
jVi)− iVi ⋆ (e
−ia∂nVj) + iVj ⋆ (e
−ia∂nVi)
)
⋆ e−2ia∂n , (3.19)
Fnj = Fnj1 ⋆ e
−2ia∂n + Fnj2 ⋆ e
−ia∂nD˜∗n + F
l
nj3 ⋆ e
−ia∂nD˜∗l , (3.20)
where
Fnj1 = (D
∗
nVj)− (D
∗
jVn1)− iVn1 ⋆ (e
−ia∂nVj) + iVj ⋆ (e
−ia∂nVn1)
− iV ln3 ⋆ (D
∗
l Vj)− iVn2 ⋆ (D
∗
nVj),
Fnj2 = ((e
ia∂n − 1))Vj − (D
∗
jVn2)− iVn2 ⋆ (e
ia∂nVj) + iVj ⋆ (e
−ia∂nVn2),
F lnj3 = −ia(∂
l∗Vj)− (D
∗
jV
l
n3)− aVn2 ⋆ (∂
l∗Vj)− iV
l
n3 ⋆ Vj + Vj ⋆ (e
−ia∂nV ln3).
It is obvious that the Fµν tensor is derivative valued. Therefore, we use the same procedure as in
[2], namely, we split Fµν into the curvature-like terms and torsion-like terms
6
Fµν = Fµν + T
ρ
µνD˜ρ + . . .+ T
ρ1...ρl
µν : D˜ρ1 . . . D˜ρl : + . . . . (3.21)
Expanding (3.19) and (3.20) up to first order in a and rewriting them in this form gives
Fij = F
0
ij − iaD
0
nF
0
ij +
1
4
Cρσλ x
λ
(
2{F 0ρi, F
0
σj}+ {D
0
ρF
0
ij , A
0
σ} − {A
0
ρ, ∂σF
0
ij}
)
,
T µij = −2iaδ
µ
nF
0
ij ,
Fnj = F
0
nj −
ia
2
Dµ0F 0µj
+
1
4
Cρσλ x
λ
(
2{F 0ρn, F
0
σj}+ {D
0
ρF
0
nj , A
0
σ} − {A
0
ρ, ∂σF
0
nj}
)
,
T µnj = −iaη
µlF 0lj − iaδ
µ
nF
0
nj. (3.22)
These results are the same as in Ref.[2]. Actually, we have checked this up to second order in a,
and because of the structure of equations (3.19), (3.20) and (2.9), we expect that this result holds to
6Note that torsion-like terms are defined as the coefficients of modified covariant derivatives.
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all orders in a. In the action for the gauge field, only curvature-like terms are used and from equations
(3.22) we see that the modification of the derivatives does not affect the action.
In this paper we are interested in a constructive approach to formulating gauge theories. Due to
this constructive approach we cannot provide a decisive answer whether the gauge theory presented here
can also be formulated geometrically, with the gauge fields as components of a one-form or connection.
However, we strongly assume that such geometrical formulation is not only possible but is the ”proper”
formulation of such a noncommutative gauge theory.
4. Action
In order to construct the action, we need an integral with the trace property. This is essential both for
the formulation of the variational principle and for the gauge invariance of the action. We defined such
an integral in the ⋆-product formalism, see Ref.[1]. There we used the usual definition of an integral of
functions of commuting variables and introduced a measure function to implement the trace property:
∫
dn+1x µ(x)(f ⋆ g) =
∫
dn+1x µ(x)(g ⋆ f). (4.1)
Note that µ(x) is not ⋆-multiplied with the other functions, it is a part of the volume element. From
(4.1), it follows that
∂nµ(x) = 0, x
j∂jµ(x) = −nµ(x). (4.2)
The measure function is xn independent and does not depend on the deformation parameter a either.
In addition, the measure function is singular at zero and is not unique [10]. However, after defining the
Lagrangian density in such a way that it vanishes at zero, we can choose a positive-definite measure
function. Note also that the explicit form of µ(x) is not required in any of the subsequent calculations.
We only use relations (4.2), and therefore non-uniqueness of the solution for µ(x) does not affect our
results7.
With this integral we define the action as follows:
S =
∫
dn+1x µ(x)L,
where L is the Lagrangian density. Since we saw that the measure function µ(x) does not vanish in the
limit a→ 0, we have to define the Lagrangian density such that
lim
a→0
µ(x)L = L0.
Here L is the effective Lagrangian density expanded in powers of the deformation parameter a, and
L0 is the Lagrangian density of the corresponding undeformed field theory. Although this construction
may appear rather arbitrary, we find that imposing such a ”good” limit a→ 0 is an important physical
requirement.
To this end, we now concentrate on U(1) gauge theory coupled to fermions. First, we analyse the
action for matter fields. It should be the gauge covariant version of the action for the fermion matter
fields defined in Ref.[1], so the first guess would be
Sm =
∫
dn+1x µ(x)
(
˜¯ψ ⋆ (iγµD˜∗µ + γ
µV˜µ ⋆−m)ψ˜
)
. (4.3)
7An alternative way of constructing the measure function is using a map which connects the κ-Minkowski spacetime
coordinates and the spacetime coordinates of the canonical noncommutative spacetime [11].
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We have chosen the symbol ψ˜ instead of ψ for later convenience. Using the variational principle
δ
δg(x)
∫
dn+1x µ(x) f ⋆ g ⋆ h =
δ
δg(x)
∫
dn+1x µ(x) g(h ⋆ f) = µ(x) (h ⋆ f) (4.4)
from the action (4.3), we obtain the equation of motion for the matter field ψ˜:
µ(x)(iγµD˜∗µ −m)ψ˜ = 0. (4.5)
It is obvious that this equation does not have the proper classical limit. In Ref.[1] this problem was
solved by rescaling the field ψ˜
ψ˜ → µ−1/2ψ. (4.6)
Unfortunately, this rescaling is not fully compatible with the Seiberg-Witten map. Namely, if δαψ =
iΛα ⋆ ψ,, then
δαψ˜ = δα(µ
−1/2ψ) = iµ−1/2(Λα ⋆ ψ) 6= iΛα ⋆ ψ˜
and the action (4.3) will not be gauge invariant.
Nevertheless, demanding
δαψ˜ = iΛα ⋆ ψ˜
we can reconstruct the Seiberg-Witten map for the field ψ˜, but this time taking the solution in the
a → 0 limit as ψ˜0 = µ−1/2ψ0 instead of ψ0. This is allowed by the transformation law δαψ˜
0 = iαψ˜0.
Repeating the same calculation we find the following solution:
ψ˜ = µ−1/2ψ0 − µ−1/2
1
2
Cρσλ x
λA0ρ∂σψ
0 − µ−1/2
na
4
A0nψ
0. (4.7)
Having obtained the way to rescale the field ψ˜ and using the solutions for the Seiberg-Witten map,
we write down the equations of motion from (4.5) up to first order in a
(iγµD0µ −m)ψ
0 −
1
2
Cρσλ γρD
0
σD
0λψ0−
i
2
Cρσλ x
λγµF 0µρ(D
0
σψ
0)
−
i
4
Cρσσ γ
µF 0µρψ
0 = 0,
−iD0µψ
0γµ −mψ¯0 −
1
2
Cρσλ D
0
σD
0λψ0γρ+
i
2
Cρσλ x
λD0σψ
0γµF 0µρ
+
i
4
Cρσσ ψ¯
0γµF 0µρ = 0. (4.8)
However, we are also interested in the effective action for fermions up to first order in a. Let us
write the action (4.3) with all derivatives explicitly, using (3.8) and (3.13):
Sm =
∫
dn+1x µ(x)
(
˜¯ψ ⋆ (iγµD˜∗µ −m)ψ˜ +
˜¯ψ ⋆ γiVi ⋆ e
−ia∂n ψ˜ + ˜¯ψ ⋆ γnVn1 ⋆ e
−ia∂n ψ˜
+ ˜¯ψ ⋆ γnVn2 ⋆ D˜
∗
nψ˜ +
˜¯ψ ⋆ γnV jn3 ⋆ D˜
∗
j ψ˜
)
. (4.9)
Owing to the cyclicity property of the integral (4.1), we can omit one ⋆ in the above action. Then we
rescale the fermionic fields using (4.7) and, finally, we insert the solutions for the Seiberg-Witten map
for the gauge field and obtain up to first order in a8
Sm =
∫
dn+1x
{
ψ¯0(iγµD0µ −m)ψ
0 −
1
4
Cρσλ x
λψ¯0F 0ρσ(iγ
µD0µ −m)ψ
0
−
1
2
Cρσλ ψ¯
0γρD
0
σD
0λψ0 −
i
2
Cρσλ x
λψ¯0γµF 0µρ(D
0
σψ
0)−
i
4
Cρσσ ψ¯
0γµF 0µρψ
0
}
. (4.10)
8The covariant derivative D0µ is the usual covariant derivative for the undeformed U(1) gauge field theory, D
0
µ = ∂µ−iA
0
µ.
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Since the integral in (4.10) is the usual integral, applying the variational principle to (4.10) leads to the
usual Euler-Lagrange equation of motion9
∂µ∂ν
∂L
∂(∂µ∂νψ)
− ∂µ
∂L
∂(∂µψ)
+
∂L
∂ψ
= 0. (4.11)
Using (4.11) the equations of motion for the fields ψ¯0 and ψ0 follow from (4.10). They are the same as
in (4.8), so we do not write them again.
Now we look at the action for the gauge field
Sg = −
1
4
∫
dn+1x µ(x)Tr (X2 ⋆ Fµν ⋆ F
µν) . (4.12)
Here the gauge covariant expression X2
δαX2 = i[Λα ⋆, X2] (4.13)
has been introduced in order to obtain the proper limit a→ 0 of the equations of motion, see Ref.[12].
From (4.13) we obtain, up to first order in a,
X2 = (1− anA
0
n)µ
−1. (4.14)
Expanding (4.12) up to first order in a and using the solutions for the Seiberg-Witten map, we obtain
the effective action for the gauge field
Sg = −
1
4
∫
dn+1x
{
F 0µνF
0µν −
1
2
Cρσλ x
λF 0µνF 0µνF
0
ρσ + 2C
ρσ
λ x
λF 0µνF 0µρF
0
νσ
}
. (4.15)
The complete action for U(1) gauge theory coupled with matter is S = Sm + Sg. The equations of
motion for the matter fields are given in equations (4.8). Using the standard Euler-Lagrange equation
of motion, for the gauge field we obtain
−Jρ = ∂µF
0µρ −
1
2
Cαβµ F
0µρF 0αβ −
1
4
Cµρµ F
0αβF 0αβ +C
αβ
µ F
0µ
α F
0ρ
β
−Cαρµ F
0βµF 0αβ + C
αµ
µ F
0βρF 0αβ
+Cαβλ x
λ∂µ(F
0µ
α F
0ρ
β −
1
2
F 0µρF 0αβ)−
1
4
Cµρλ x
λ∂µ(F
0αβF 0αβ)
−Cαρλ x
λ∂µ(F
0βµF 0αβ) + C
αµ
λ x
λ∂µ(F
0βρF 0αβ). (4.16)
The current Jρ is given by
Jρ = −∂µ
∂Lm
∂(∂µA0ρ)
+
∂Lm
∂A0ρ
= ψ¯0γρψ0 −
1
2
Cαβλ x
λψ¯0γρF 0αβψ
0 −Cαρλ x
λψ¯0γµF 0µαψ
0 −
i
2
Cαµλ η
λρD0µψ
0γαψ
0
−
i
2
Cαρµ ψ¯
0γµ(D0αψ
0) +
i
2
Cαρµ ψ¯
0γα(D
0µψ0) +
i
4
Cαµα
(
D0µψ
0γρψ0 − ψ¯0γρD0µψ
0
)
+
i
2
Cαµλ x
λD0µψ
0γρ(D0αψ
0). (4.17)
9Note that in (4.10), the Lagrangian density depends on the second derivatives of fields as well.
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5. Symmetries and the Seiberg-Witten map
Using the equations of motion (4.8) one can show that the current (4.17) is conserved, ∂µJ
µ = 0. In
the undeformed gauge theory, existence and conservation of the current Jµ are consequences of the
symmetry of the action with respect to gauge transformations. One expects that the same applies here.
To check this, we calculate the variation of the action (4.10) when δαψ
0 = iαψ0, δαψ¯
0 = −iαψ¯0 and
δαA
0
µ = ∂µα
10
δSm =
∫
dn+1xα ∂µj
µ = 0. (5.1)
Here jρ is given by
jρ = ψ¯0γρψ0 −
1
4
Cαβλ x
λψ¯0γρF 0αβψ
0 −
1
2
Cαρλ x
λψ¯0γµF 0µαψ
0 (5.2)
−
i
4
Cαµλ η
λρ
(
D0µψ
0γαψ
0 − ψ¯0γαD
0
µψ
0
)
−
i
4
Cαρλ
(
D0λψ0γαψ
0 − ψ¯0γαD
0λψ0
)
.
Comparing this result with (4.17) there seem to be two different conserved currents in our theory. A
difference between these two currents is not topological, nor are the corresponding conserved charges
equal. Apparently, we have additional (gauge) symmetry in the model. The source of this symmetry
must be the Seiberg-Witten map.
It is well known that the Seiberg-Witten map is not unique [13]. An analysis of the ambiguities in
the Seiberg-Witten map in the canonical noncommutative space was provided in Ref.[14] and we adapt
this analysis to the problem at hand. The important difference with the respect to the canonical case
is that we allow derivative-valued gauge fields as solutions of the Seiberg-Witten map. In our setting
the derivative-valued gauge fields appear naturally, as a consequence of non-trivial Leibniz rules for
the Dirac operator (2.9). Note that we discuss only the ambiguities relevant to the classical action,
compare [15].
In Ref.[14] it was shown that the possible ambiguities in the Seiberg-Witten map for the gauge
parameter did not affect the action. On the other hand, the solution for the Seiberg-Witten map for
fermions (4.7) allows an additional term,
∆ψ˜ = b1µ
−1/2Cρσλ x
λF 0ρσψ
0, (5.3)
which does affect the action.
Furthermore, to the solution for the vector fields (3.11) and (3.17) we can add the following terms11:
∆V˜µ = ib2C
ρσ
λ x
λF 0µρD˜
0
σ + ib3C
ρσ
λ x
λF 0ρσD˜
0
µ +
+
i
2
(b2 − 2b3)C
ρσ
λ x
λ(D0σF
0
µρ) +
ia
2
(nb2 − 2b3)F
0
µn, (5.4)
where the coefficients of the last two terms are fixed demanding that ∆V˜µ should be hermitean. Note
also that D0σF
0
µρ = ∂
0
σF
0
µρ because we work with U(1) gauge theory. This results in the modification of
the curvature-like terms
∆Fµν = 2b2C
ρσ
λ x
λFµσFνρ + 2b3C
ρσ
λ x
λFµνFρσ +
−
i
2
(b2 − 2b3)C
ρσ
λ x
λ
(
D0νD
0
σF
0
µρ −D
0
µD
0
σF
0
νρ
)
−
ia
2
(n− 1)b2D
0
nF
0
µν (5.5)
10Note that δαF
0
µν = 0.
11These additional terms are obtained either as a solution of the homogeneous part of equation (3.7), or starting from
a more general ansatz for the gauge field (3.8): V˜j = Vj1 ⋆ e
−ia∂n + V nj2 ⋆ D˜
∗
n + V3 ⋆ D˜
∗
j + V
l
j4 ⋆ D˜
∗
l
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and torsion-like terms
∆T σµν = −ib2
(
Cρσν F
0
µρ − C
ρσ
µ F
0
νρ
)
− ib2C
ρσ
λ x
λ(D0νF
0
µρ −D
0
µF
0
νρ)
−ib3
(
δσµ(C
ρα
ν F
0
ρα + C
ρα
λ x
λ(D0νF
0
ρα))− δ
σ
ν (C
ρα
µ F
0
ρα + C
ρα
λ x
λ(D0µF
0
ρα))
)
, (5.6)
of the field strength (3.22).
Finally it is possible to add the following expression to the solution (4.14) for X2:
∆X2 = b4µ
−1Cρσλ x
λF 0ρσ . (5.7)
Taking into consideration all the additional terms (5.3), (5.4), (5.5) and (5.7), we obtain a more
general effective action:
S =
∫
dn+1x
{
ψ¯0(iγµD0µ −m)ψ
0 −
1
4
F 0µνF
0µν
−
1
4
Cρσλ
(
ψ¯0γρD
0
σD
0λψ0 +D0σD
0λψ0γρψ
0
)
−
1
4
(1− 8b1)C
ρσ
λ x
λψ¯0F 0ρσ(iγ
µ(D0µψ
0)−mψ0)−
i
2
(1− 2b2)C
ρσ
λ x
λψ¯0γµF 0µρ(D
0
σψ
0)
+ib3C
ρσ
λ x
λψ¯0γµF 0ρσ(D
0
µψ
0)− 2i(b1 −
1
4
(b2 − 2b3))C
ρσ
λ x
λψ¯0γµ(D0σF
0
µρ)ψ
0
−
ia
4
(n+ 8b1 − 2nb2 + 4b3 − 1)ψ¯
0γµF 0µnψ
0
−
1
2
(1− 2b2)C
ρσ
λ x
λF 0µνF 0µρF
0
νσ +
1
8
(1− 8b3 − 2b4)C
ρσ
λ x
λF 0µνF 0µνF
0
ρσ
}
. (5.8)
All constants bi are completely undetermined, and were all set to zero in previous calculations.
The reason for this particular choice was a technical simplicity in constructing the Seiberg-Witten map.
However, we have another interesting possibility. There exist a particular choice of the constants bi
such that all ambiguous, undetermined terms in the action (5.8) are set to zero.
For massless fermions, we choose b1 = 1/16, b2 = 1/2, b3 = 1/8, b4 = 0, and for massive fermions, we
choose b1 = 1/8, b2 = 1/2, b3 = 0, b4 = 1/2. The effective action for U(1) gauge theory with fermionic
matter12 up to first order in the deformation parameter a is
S =
∫
dn+1x
{
ψ¯0(iγµD0µ −m)ψ
0 −
1
4
F 0µνF
0µν
−
1
4
Cρσλ
(
ψ¯0γρD
0
σD
0λψ0 +D0σD
0λψ
0
γρψ
0
)}
. (5.9)
The corresponding equations of motion are given as
(iγµD0µ −m)ψ
0 −
1
2
Cρσλ γρD
0
σD
0λψ0 −
i
4n
Cρσσ γ
µF 0µρψ
0 = 0,
−iD0µψ
0γµ −mψ¯0 −
1
2
Cρσλ D
0
σD
0λψ0γρ +
i
4n
Cρσσ ψ¯
0γµF 0µρ = 0, (5.10)
∂µF
0ρµ = Jρ = ψ¯0γρψ0
−
i
4
(
Cαµλ η
λρ
(
D0µψ
0γαψ
0 − ψ¯0γαD
0
µψ
0
)
+ Cαρλ
(
D0λψ0γαψ
0 − ψ¯0γαD
0λψ0
))
.
Calculating the current jρ from the variation of the action (5.1) with the above choice of constants, we
obtain jρ = Jρ. Furthermore, we obtain the action (5.9) and equations of motion (5.10) that are both
gauge invariant and invariant under classical Poincare´ transformations!
12Of course, m = 0 in the massless case.
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We end this analysis with a few comments. First, note that jρ = Jρ means that the fermionic
action, up to first order in the deformation parameter, is
Sm =
1
2
∫
dn+1x
{
ψ¯0(iγµDµ −m)ψ
0 + (−iDµψγ
µ −mψ¯)ψ
}
, (5.11)
where the operator Dµ is the Dirac operator (2.6) expanded in a in which partial derivatives are
covariantised by the minimal substitution ∂µ → ∂µ − iA
0
µ. We conjecture that this fact might be valid
to all orders, but one needs to be careful in ordering derivatives in the expansion of the Dirac operator.
Note also that if one allows for the derivative-valued gauge fields in the canonical case, one can con-
struct an effective U(1) action with no additional terms in the first order with respect to the undeformed
U(1) gauge theory13 (compare with Ref.[17]). For the classical theory, one can use the Seiberg-Witten
map (gauge freedom) to transform additional gauge interactions into the geometry of spacetime (the
torsion-like part of the field strength). Unfortunately, we still do not have a clear understanding of
the interplay between deformed symetries, gauge theories and spacetime geometry. As a next step, an
investigation of deformed general coordinate transformations is performed in Ref.[18].
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